We report the degree of order of twenty two Jackson Pollock's paintings using Hausdorff-Besicovitch fractal dimension. Through the maximum value of each multi-fractal spectrum, the fractality of the artworks is presented as a function of the year in which they were painted. It has been reported that Pollock's paintings are fractal and it increased on his latest works. However our results show that fractality of the paintings do not increase as a function of the year in which they were painted, instead of that we identify a range of fractal dimension with values close to two. This behavior can be interpreted as the dark linked lines are structured with high degree of order. We used our method to characterized by its fractal spectrum, the called Teri's Find. We obtained similar spectrums between Teri's Find and Number 5 from Pollock, suggesting that fractal dimension can not be completely rejected as a quantitative parameter to authenticate this kind of artworks.
Introduction
Fractality is present in many objects in nature, structures generated by mathematical algorithms and particles configurations created by computer simulations [7, 8, 9, 10] . It means that, we can measure fractal characteristics in a wide variety of two-dimension digital images. From the point of view of physics, it is possible to identify fractal characteristics in Pollock's paintings.
Since R. P. Taylor, et al. presents its famous result, indicating that all the Jackson Pollock's paintings are fractals [1] . Many reports have been published confirming or questioning the fractal characteristic of abstract artworks [2, 3, 4, 5, 6] . Based on fractal dimension, Taylor present five criteria to describe the construction processes of the colored layers on the Pollock's canvases [11] . He additionally concluded that it is possible to authenticate the paintings using fractal dimension [1, 11, 12 ]. Taylor's criteria have been tested by different methods, and there are many reports where conclude that fractal dimension can not be used to authenticate any drip painting [3, 4, 5, 6, 13, 14 ].
Pollock's paintings were created by dripping, pouring, splashing or peeling layers of paint of different colors on canvas placed on the floor. Paint strokes above each others are painted, until the canvas is totally covered, or at least in large part of it. Pollock argued that he had control of the splattering or dripping over the paints, denying the accidental paintings [24, 25] . This argument suggest that he was aware about the action in the tact, the movements to control the paint strokes, the flow of each paint, the velocity and the rhythm in his creative processes. For many researches it is surprising considering the apparent complexity of the strokes.
The visual complexity of the linked paint strokes results from dripping paint lines one after another, creating different networks of colored lines on each painting. It has been supposed that the degree of complexity is directly proportional to a high number of linked lines superimposed. However we found, in case of Pollocks that it is not completely true. The distribution of paint strokes reflect some degree of disorder. If the fractal dimension is close to two we assumed that the structure formed by paint strokes posses a high degree or order. If not, the paint lines are distributed in a disorder way and therefore are more complex.
The methodology to quantify the degree of order in physical structures, is used to quantify the networks formed by dark lines on Pollocks. If Pollock spills paint lines, adding one by one, in a particular way which only the artist knows, we can identify that the process perhaps is not completely in a random way.
Certainly the creative process is unique, complex, and unrepeatable, specially in the case of Pollock. However we found an increasing order in a particular array of his paintings. The paint strokes distribution on Pollocks has been compared to natural objects, however we can related them to some fibrilar aggregation [26] and particle aggregation processes [27, 28, 29] .
We used the similar methodology to quantify the degree or order in Pollock's paintings as a function of the year in which each painting was created, in a similar way that has been used to quantify the disorder-order transition on structural configurations formed by particle aggregation processes [27] . Our results indicate that the fractal property of Pollock's paintings it is in a range of values, and this behavior is repeated on each group of paintings by year.
It has been discussed that fractal dimension can not be used as a quantitative parameter to authenticate abstract art. However, we point out the case of Teri's Find, and we obtain similar behaviors between this painting and Number 5 from Pollock. Evidently it does not guaranty that the Teri's Find was painted by Pollock, but reveals the similarities of fractal characteristics on both.
The remainder of the paper is organized as follows: in section II we describe details related to the methodology used to measure the fractal dimension. In section III we present experimental results and discussion about the particular behavior of the canvases spectrums, and finally in section IV the conclusions are presented.
Multifractal spectrum
Fractality is a geometrical, topological, structural and beauty property present in many natural, physics or simulated systems. This property can be recognized and calculated in many two-dimensional structures through digital images [7, 8, 9, 22] . In addition, there has been reported that fractal structures are result of kinetic aggregation or/and reaction processes [10, 30, 31, 32] .
The multi-fractal spectrum has been used as a measure of all the local fractal dimensions coexisting in spatial structures of a wide variety of physical, chemical and biological systems. This measure of complexity has been employed to characterize the structural transition of rheological fluids [27, 28, 33] , granular materials [29, 34] , magnetic wall domains in boracite [35] and other complex systems [36, 37] . The width of multi-fractal spectrum, calculated by the wellknown box-counting method, is affected by the treatment apply on digital images [15] . However there has been propose different methods to analyze and treat complex digital images [16, 17, 18 ] to obtain a dependable measure. All these methods confirm the validity of many free computer programs to analyze, by fractal dimension, a wide variety of digital images from a extensive variety of systems [19, 20, 21, 22] , including the abstract artworks [4, 12, 14, 15, 23] .
The multi-fractal spectrum generated by an infinite set of dimension measure the scaling structure as a function of the local pattern density. This give us information about the structural properties at different scales [38] and also describes the generalized dimensions [39] .
The standard scaling relation to relate the number of boxes to cover the set
where ε acquired successively smaller values of length until the minimum value of ε 0 . This define the fractal dimension as
To calculate all the local fractal dimension [38, 40] , we used the generalized box counting dimension [39, 41, 42] defined as
where
We are taking into account the scaling exponent defined by Halsey et al. [38] as
where α can take a width range of values measuring different regions of the set. When Q=0 the generalized fractal dimension represent the classic fractal dimension [2] .
As the digital image in a gray scale is divided into pieces of size ε, it suggested that the number of times that α in P i,q takes a value between α ′ and dα
As Q represents different scaling indices, we can define
α i is the Lipschitz-Hölder exponent, which characterizes the singularity strength in the ith box. The factor α i quantify the distribution of complexity in an spatial location.
The multi-fractal spectrum is a set of overlapping self-similar configurations.
In that way, we used the scaling relationship taking into account f (α) as a function to cover a length scales of observations. Defining the number of boxes as a function of the Lipschitz-Hölder exponent N (α), can be related to the box size ε as
The multi-fractal spectrum show a line of consecutive points for Q ≥ 0 that start on the left side of the spectrum climbing up to the maximum value.
The values for Q ≤ 0, are dotted on the right side of the spectrum descending until Q = −10, which is the minimum value for Q. The maximum value for the generalized dimension corresponds to Q = 0, which correspond to the box counting dimension. To obtain the multi-fractal spectrum we use the plugin FracLac for ImageJ [43] . We select the case of D f = D Q=0 as the parameter to quantify the order in the digital images of Pollock's paintings. In the plugin we select four grid positions that cover the total image. We apply a gray scale differential option to measure de spectrum, and the mode default sampling sizes was selected to plot the values of the spectrum. We define the smallest sampling element on 30 an 100% as the maximum of each image. In this report we present the left side of the spectrum, taking into account the correspondence with thermodynamic formalism [44, 45] 3. Pollock's Multi-fractal Spectrum
We selected twenty two amazing Pollock's, painted during the "dripping pe- In the group of paintings from 1948, Number 14 obtain the highest value of f (α) of all, while Number 26A get the lowest. All the spectrums are composed by a large number of points. Evidently the fractality of Pollocks is unquestionably.
However, it interesting the similarity between all the spectrums, taking into consideration that all the paintings are different, created in different moments and circumstances. of paint strokes, very different movements of the paint and the strokes look so simple on some of them, and very complex in others.
In Fig. 2 According to equation( 6) the local fractal dimension is manifested for small 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 Pollock's paintings 
Order in Pollock's paintings
The paint strokes on Pollocks canvases are apparently distributed randomly.
However the maximum value of the spectrums, can be associated with different degree of order [27, 28, 35, 29] . We obtain for an specific array of paintings listed in Table 1 that the paint strokes are distributed homogeneously. The maximum value of multi-fractal dimension corresponds to the Hausdorf-Besicovich dimension when Q = 0.
As we mentioned, a high degree of order can be associated to a fractal dimension close to two. For each group o paintings by year, we obtain a behavior when the fractal dimension increase. Fig. 4 shows the evolution of the fractal dimension as a function of the selected Pollock's paintings by year. We can observe that fractal dimension increases, approaching to a value dimension equal to two in all the groups of paintings.
On the case of the paintings from 1947 we observe that the paint strokes distributions of Lucifer indicate a degree of fractality higher than Number 19.
This can be as a result of the distribution of darkness paint strokes and the density of them on canvas. Lucifer has more darkness paint stroke on front than Number 19.
For the paintings selected from 1948, we can observe an special case for
Summertime: Number 9A with respect to the others. This painting presents the lowest fractal dimension for all of this group. We analyzed in detail this behavior and we found that the local fractal dimension depends on the size of the section taken in the image.
In Fig. 5 is presented the fractal evolution of Summertime: Number 9A for different fragments taken in the whole image. We found that the paintings Summertime: Number 9A and Number 10 reached a fractal dimension value close to 1.6. This represent that they are the paintings with more fractality than all. We also found that, if we select a third part of the whole image and we calculate the local fractal dimension using the same method, we can obtain interest results. To do this, we divided the image into four fragments and we calculate its corresponding singularity spectrum for each part. The same behavior and treatment was made on Number 10, obtaining the same behavior. It is interesting that we did not find this behavior for all the others selected Pollock's paintings, just for this two cases.
According to our analysis, from the group of paintings from 1948 Number 14, Gray presents the highes degree of order. This can be correlated to an homogeneous distribution of the paint strokes.
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Authentication
The fractal dimension has been questioned as an order parameter to authenticate abstract artworks [4, 5, 6] . However, it is unquestionable its use to characterized digital images from physical systems. Why it can not be used to characterized abstract art? We believe that Jackson Pollock developed a unique painting technique. And his creations are fantastic and irrepealable. Evidently they present certain degree of complexity, however, it has been measured. Obviously the authentication processes require more than one parameter, however the fractal dimension look adequate for his kind of artworks.
We obtained the multi-fractal spectrum of the painting called Teri's Find [57, 58] . In Fig. 6(a) we present the complete multi-fractal spectrum of Teri's Find and Number 5, the last one recognized that was painted by Jackson Pollock. We obtain that both spectrums look very similar. The unique difference is that the Pollock's painting presents a more width spectrum than theTer's Find. Fig. 6(b) shows details on their maximum values of both multi-fractal spectrums. 
Conclusions
We report the multi-fractal behavior of twenty two Pollock's artworks which were selected by considering the apparent complexity of the paint strokes, the year in which they were painted, the density of darkness strokes on top and the light background.
The left side of the spectrums is presented and was found that all the paint- From the definition of order using in this report, the degree of order in Pollock's paintings grows as a function of the year in which they were painted, taking into account the list presented in Table 1 . This result could be an indication as a perfect knowledge of the dripping technique by the artist, a manifestation of control and perfection of his dripping technique that suggest that paint strokes were made consciously.
The self-similarity was tested on (8) Summertime:Number 9A and (14) Number 10. Our results indicate that fractal dimension increase as a function of the size of the digital image (see Fig. 5 ).
Finally Teri's Find was tested by our method and a similar spectrum between it and Number 5 painted by Pollock was found. We suggest that fractal dimension can not be definitely rejected as a parameter to authenticate abstract
artworks. Despite having been tested this statement by different methods.
Many aspects have to be considered to analyze Pollock's paintings: such as the right kind of paint and brush, the correct speed and movements, not only for the hand even the arm, among other; all in exactly concordance with the knowledge and the individual artist projection. For all of that, the description of Pollocks paintings needs to be made taking into account a combination of different scientific techniques, and fractal dimension can be a good quantitative parameter without invasive techniques.
